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Abstract
The non-relativistic quantum mechanics with a generalized uncertainty principle (GUP) is ex-
amined in D-dimensional free particle and harmonic oscillator systems. The Feynman propagators
for these systems are exactly derived within the first order of the GUP parameter.
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I. INTRODUCTION
The existence of a minimal length seems to be a model-independent feature of quantum
gravity[1–3]. It appears as various different expressions in loop quantum gravity[4, 5], string
theory[6, 7], path-integral quantum gravity[8–10], and black hole physics[11]. From the
aspect of quantum mechanics the existence of a minimal length results in the modification
of the Heisenberg uncertainty principle (HUP)[12, 13] ∆P∆Q ≥ ~
2
, because ∆Q should
be larger than the minimal length. Various modification of HUP, called the generalized
uncertainty principle (GUP), were suggested in Ref. [14, 15].
The purpose of the paper is to examine the D-dimensional non-relativistic quantum
mechanics when the GUP has a following specific form
∆Pi∆Qi ≥ ~
2
[
1 + α
(
∆P2 + 〈P〉2)+ 2α (∆P 2i + 〈Pi〉2)] (i = 1, 2, · · · , D) (1.1)
where α is a GUP parameter, which has a dimension (momentum)−2. Using ∆A∆B ≥
1
2
|〈[A,B]〉|, Eq. (1.1) induces the modification of the commutation relation as
[Qi, Pj] = i~
(
δij + αδijP
2 + 2αPiPj
)
(1.2)
[Qi, Qj] = [Pi, Pj] = 0.
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FIG. 1: (Color online) The minimal length and allowed region of one-dimensional GUP (1.3) when
~ = α = 1.
The existence of the minimal length is easily shown at D = 1. In this case Eq. (1.1) is
expressed as
∆P∆Q ≥ ~
2
(
1 + 3α∆P 2
)
(1.3)
2
if 〈P 〉 = 0. Then, the equality of Eq. (1.3) yields
∆Q2 ≥ ∆Q2min = 3α~2. (1.4)
In Fig. 1 the allowed region and minimal length of Eq. (1.3) is plotted when ~ = α = 1.
If α is small, Eq. (1.2) can be solved as
Pi = pi
(
1 + αp2
)
+O(α2) Qi = qi (1.5)
where pi and qi obey the usual HUP. Using Eq. (1.5) and Feynman’s path-integral
technique[16, 17] the Feynman propagator (or kernel) was exactly derived up to O(α) for
D = 1 free particle case[18, 19]. Also the propagator for simple harmonic oscillator (SHO)
was also derived recently in Ref. [20].
In this paper we will derive the Feynman propagators for D-dimensional free particle and
SHO systems within first order of α in the GUP-corrected quantum mechanics. In Sec. II
we derive the Feynman propagators for D = 2 free particle and SHO systems up to O(α).
In Sec. III we extend the results to D-dimensional systems. In Sec. IV a brief conclusion is
give. In appendix A we summarize several D-dimensional Gaussian integral formulas, which
are frequently used in the main text.
II. TWO-DIMENSIONAL FREE PARTICLE AND SHO SYSTEMS
A. Free particle case
The Hamiltonian for 2-dimensional free particle system is
HF =
1
2m
(
P 21 + P
2
2
)
=
1
2m
(
p21 + p
2
2
)
+
α
m
(
p21 + p
2
2
)2
+O(α2). (2.1)
Then, the corresponding Schro¨dinger equation can be written as[
− ~
2
2m
(
∂2
∂q21
+
∂2
∂q22
)
+
α~4
m
(
∂4
∂q41
+
∂4
∂q42
+ 2
∂2
∂q21
∂2
∂q22
)]
φ(q) = Eφ(q). (2.2)
The eigenfunction and corresponding eigenvalue of the Schro¨dinger equation are
φ(q) =
1
2pi
eik·q E = ~
2
2m
|k|2 + α~
4
m
|k|4. (2.3)
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Using Eqs. (2.3), (A.1), and (A.2), one can straightforwardly derive the Feynman propagator
KF [qf , tf : q0, t0] as follows:
KF [qf , tf : q0, t0] =
∫ ∞
−∞
dkφ(qf )φ
∗(q0)e−
i
~ET (2.4)
=
m
2pii~T
[
1 +
8iα~m
T
− 8αm
2|qf − q0|2
T 2
]
× exp
[
im
2~T
|qf − q0|2
{
1− 2αm2
( |qf − q0|
T
)2}]
+O(α2)
where T = tf − t0.
B. SHO case
For two-dimensional SHO the Hamiltonian can be written as
HSHO =
1
2m
(
p21 + p
2
2
)
+
α
m
(
p21 + p
2
2
)2
+
1
2
mω2
(
q21 + q
2
2
)
+O(α2). (2.5)
Then, the corresponding action functional is
S[q1, q2] =
∫ T
0
dtL(q1, q˙1 : q2, q˙2) (2.6)
where
L(q1, q˙1 : q2, q˙2) =
m
2
(
q˙21 + q˙
2
2
)− αm3 (q˙21 + q˙22)2 − 12mω2 (q21 + q22)+O(α2). (2.7)
Thus, the classical solutions obey
q¨1 + ω
2q1 − 4αm2
[
(3q˙21 + q˙
2
2)q¨1 + 2q˙1q˙2q¨2
]
+O(α2) = 0 (2.8)
q¨2 + ω
2q2 − 4αm2
[
(q˙21 + 3q˙
2
2)q¨2 + 2q˙1q˙2q¨1
]
+O(α2) = 0.
Up to O(α) Eq. (2.8) can be solved as follows
q1 = A1 cosωt+B1 sinωt+ α
[
F1 cosωt+G1 sinωt (2.9)
+
m2ω2
8
[−4C3(ωt) cosωt+ 4C1(ωt) sinωt− C2 cos 3ωt− C4 sin 3ωt]
]
q2 = A2 cosωt+B2 sinωt+ α
[
F2 cosωt+G2 sinωt
+
m2ω2
8
[
−4C˜3(ωt) cosωt+ 4C˜1(ωt) sinωt− C˜2 cos 3ωt− C˜4 sin 3ωt
] ]
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where
C1 = −3A1(A21 + A22 +B21)− 2A2B1B2 − A1B22 (2.10)
C2 = 3
[
A31 − 2A2B1B2 + A1(A22 − 3B21 −B22)
]
C3 = −3A21B1 − 2A1A2B2 − A22B1 − 3B1(B21 +B22)
C4 = 3
[
3A21B1 + 2A1A2B2 −B1(−A22 +B21 +B22)
]
and C˜j = Cj(1↔ 2) for j = 1, 2, 3, 4. Now, we impose the boundary conditions
qx(t = 0) = q0,1 qy(t = 0) = q0,2 (2.11)
qx(t = T ) = qf,1 qy(t = T ) = qf,2.
Then, it is straightforward to show
A1 = q0,1 A2 = q0,2 F1 =
m2ω2
8
C2 F2 =
m2ω2
8
C˜2 (2.12)
B1 =
1
sinωT
(qf,1 − q0,1 cosωT ) B2 = 1
sinωT
(qf,2 − q0,2 cosωT )
G1 =
m2ω2
8 sinωT
[(4ωTC3 − C2) cosωT − 4ωTC1 sinωT + C2 cos 3ωT + C4 sin 3ωT ]
G2 =
m2ω2
8 sinωT
[
(4ωTC˜3 − C˜2) cosωT − 4ωTC˜1 sinωT + C˜2 cos 3ωT + C˜4 sin 3ωT
]
.
Inserting the classical solutions into the action, one can derive the classical action in a form
Scl = S0 + αS1 +O(α2) (2.13)
where
S0 =
mω
2 sinωT
[(|q0|2 + |qf |2) cosωT − 2q0 · qf] (2.14)
S1 = − m
3ω3
32 sin4 ωT
[
(12ωT + 8 sin 2ωT + sin 4ωT )
(|q0|4 + |qf |4)
−4(12ωT cosωT + 11 sinωT + 3 sin 3ωT )(q0 · qf )
(|q0|2 + |qf |2)
+4(4ωT + 2ωT cos 2ωT + 5 sin 2ωT )
[
2(q0 · qf )2 + |q0|2|qf |2
] ]
.
When ω → 0, S0 and S1 reduce to
lim
ω→0
S0 =
m
2T
|qf − q0|2 lim
ω→0
S1 = −m
3
T 3
|qf − q0|4, (2.15)
which is consistent with exponential factor of Eq. (2.4).
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Now, let us derive the Feynman propagator (or kernel) K[qf , q0 : T ] of this system. It is
well-known that the propagator is related to the Schro¨dinger equation as follows:
K[qf , q0 : T ] =
∑
n1,n2
ψn1,n2(qf )ψ
∗
n1,n2
(q0)e
−(i/~)En1,n2T , (2.16)
where ψn1,n2(q) and En1,n2 are the eigenfunction and corresponding eigenvalue of the
Schro¨dinger equation derived from the Haniltonian (2.5). If we treat the term α
m
(p21 + p
2
2)
2
as a small perturbation, it is possible to derive the eigenvalue
En1,n2 = (n1 + n2 + 1) +
αm~2ω2
2
[
3(n1 + n2)
2 + 5(n1 + n2)− 2n1n2 + 4
]
(2.17)
+O(α2). (n1, n2 = 0, 1, 2, · · · )
Of course, it is also possible to derive the eigenfunction ψ(q) within first order of α by
applying the perturbation method. However, the derivation of the Feynman propagator in
this way is extremely cumbersome because of the following reasons. Firstly, the unperturbed
Hamiltonian generates the degenerate eigenspectrum. Thus, we should use the perturbation
method with degeneracy, which is more complicated. Even though we derive all eigenfunc-
tions up to first order of α, the right-hand side of Eq. (2.16) has too many terms, and each
term involves the double summation with respect to n1 and n2. Thus, derivation of the
Feynman propagator by making use of Eq. (2.16) is highly complicated and tedious. Thus,
we will choose the alternative method in the following.
In Ref. [20] the Feynman propagator for one-dimensional SHO is derived by making use
of Eq. (2.16). The final result is expressed as
K[qf , q0 : T ] =
√
mω
2pii~ sinωT
[1 + αf(qf , q0 : T )] e
i
~ (S0+αS1) +O(α2), (2.18)
where
f(qf , q0 : T ) =
3i~mω
8 sin2 ωT
(2ωT + 5 sinωT cosωT + ωT cos 2ωT ) (2.19)
− 3m
2ω2
8 sin3 ωT
[
2ωT
{
3 cosωT (q20 + q
2
f )− 2(2 + cos 2ωT )q0qf
}
+10 sinωT (q20 + q
2
f − 2q0qf cosωT )− 6 sin3 ωT (q20 + q2f )
]
.
Of course S0 + αS1 is a classical action. We assume that the elevation of dimension does
not change the Feynman propagator drastically. Thus we take an ansatz as follows:
K[qf , q0 : T ] =
mω
2pii~ sinωT
[1 + αf(qf ,q0 : T )] e
i
~ (S0+αS1) +O(α2) (2.20)
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where
f(qf ,q0 : T ) = β1
i~mω
sin2 ωT
(2ωT + 5 sinωT cosωT + ωT cos 2ωT ) (2.21)
+β2
m2ω2
sin3 ωT
[
2ωT
{
3 cosωT (|q0|2 + |qf |2)− 2(2 + cos 2ωT )q0 · qf
}
+10 sinωT (|q0|2 + |qf |2 − 2(q0 · qf ) cosωT )
−6β3 sin3 ωT (|q0|2 + |qf |2)
]
.
Of course S0 and S1 are given in Eq. (2.14). If Eq. (2.21) is a correct ansatz, the constants
βj (j = 1, 2, 3) should be determined by making use of the integral equation∫
dqK[qf , q : T2]K[q, q0 : T1] = K[qf , q0 : T ] (2.22)
where T2 = T − T1. Using Eq. (2.20) one can show that the left-hand side of Eq. (2.22)
reduces to∫
dqK[qf , q : T2]K[q, q0 : T1] (2.23)
=
( mω
2pii~
)2 1
sinωT1 sinωT2
exp
[
imω
2~
(|qf |2 cotωT2 + |q0|2 cotωT1)]
×
∫
dqe−a|q|
2+2b·q
[
1 + α {f(q, q0 : T1) + f(qf , q : T2)}
+
iα
~
{S1(q, q0 : T1) + S1(qf , q : T2)}+O(α2)
]
where
a = −imω
2~
sinωT
sinωT1 sinωT2
b = −imω
2~
qf sinωT1 + q0 sinωT2
sinωT1 sinωT2
. (2.24)
Using the integral formula (A.2) at D = 2, one can show straightforwardly∫
dq {S1(q, q0 : T1) + S1(qf , q : T2)} e−a|q|2+2b·q = pi
a
e|b|
2/a [S1(qf , q0 : T ) + ∆S] (2.25)
where
∆S = − m
3ω3
32 sin4 ωT1
[
(12ωT1 + 8 sin 2ωT1 + sin 4ωT1)
2
a2
(
1 +
2|b|2
a
)
(2.26)
−8(12ωT1 cosωT1 + 11 sinωT1 + 3 sin 3ωT1)q0 · b
a2
+8(4ωT1 + 2ωT1 cos 2ωT1 + 5 sin 2ωT1)
|q0|2
a
]
+
(
T1 → T2, q0 → qf
)
.
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By making use of Eq. (2.25) and (A.1) at D = 2, one can show that our ansatz (2.20) really
satisfies the integral equation (2.22) if
β1 = 1 β2 = −1
2
β3 = 1. (2.27)
Inserting Eq. (2.27) into Eq. (2.21) one can derive the Feynman propagator for D = 2 SHO
system explicitly. In the ω → 0 limit it is easy to show
lim
ω→0
f(qf ,q0 : T ) =
8i~m
T
− 8m
2
T 2
|qf − q0|2, (2.28)
which exactly coincides with the first order of α in the prefactor of free-particle Feynman
propagator given in Eq. (2.4).
III. D-DIMENSIONAL FREE PARTICLE AND SHO SYSTEMS
A. Free particle case
From the Schro¨dinger equation[
− ~
2
2m
52 + α~
4
m
54
]
φ(q) = Eφ(q) (3.1)
where 52 is a Laplacian, it is easy to derive
φ(q) =
1
(2pi)D/2
eik·q E = ~
2
2m
|k|2 + α~
4
m
|k|4. (3.2)
Then, the Feynman propagator defined as
KF [qf , q0 : T ] =
∫
dkφ(qf )φ
∗(q0)e−
i
~ET (3.3)
can be computed easily using the integral formulas presented in appendix A. The final
expression is
KF [qf , q0 : T ] =
( m
2pii~T
)D/2 [
1 +
D(D + 2)iα~m
T
− 2(D + 2)αm
2
T 2
|qf − q0|2
]
e
i
~Scl+O(α2)
(3.4)
where Scl is a classical action given by
Scl =
m
2T
|qf − q0|2
(
1− 2αm
2
T 2
|qf − q0|2
)
. (3.5)
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B. SHO case
We note that the classical action for this case is also Scl = S0 + αS1 +O(α2), where S0
and S1 have the same expressions with Eq. (2.14). This only difference is the fact that q0
and qf are D-dimensional vector. Now, we take an ansatz as follows:
K[qf , q0 : T ] =
( mω
2pii~ sinωT
)D/2
[1 + αf(qf ,q0 : T )] e
i
~ (S0+αS1) +O(α2) (3.6)
where we assume that the prefactor f(qf ,q0 : T ) is the same form with Eq. (2.21). Then,
one can show∫
dq {S1(q, q0 : T1) + S1(qf , q : T2)} e−a|q|2+2b·q =
(pi
a
)D/2
e|b|
2/a [S1(qf , q0 : T ) + ∆S]
(3.7)
where
∆S = −(D + 2)m
3ω3
32 sin4 ωT1
[
(12ωT1 + 8 sin 2ωT1 + sin 4ωT1)
1
a2
(
D
4
+
|b|2
a
)
(3.8)
−2(12ωT1 cosωT1 + 11 sinωT1 + 3 sin 3ωT1)q0 · b
a2
+2(4ωT1 + 2ωT1 cos 2ωT1 + 5 sin 2ωT1)
|q0|2
a
]
+
(
T1 → T2, q0 → qf
)
.
Using Eq. (3.8) it is straightforward to show that the Feynman propagator (3.6) obeys the
integral equation (2.22) only if
β1 =
D(D + 2)
8
β2 = −D + 2
8
β3 = 1. (3.9)
Thus, inserting Eq. (3.9) into Eq. (2.21), one can derive the Feynman propagator for the
D-dimensional SHO system up to first order of α. It is easy to show that the ω → 0 limit
in this case reduces to Eq. (3.4).
IV. CONCLUSION
We derive the Feynman propagators for D-dimensional free particle and SHO systems
explicitly within the first order of α in the GUP-corrected non-relativistic quantum me-
chanics. From Feynman propagator one can derive the energy-dependent Green’s function
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Gˆ[qf ,q0 : ] by taking a Laplace transform to the Euclidean propagator G[qf , q0 : τ ] ≡
K[qf , q0 : T = −iτ ]. This is useful quantity because the eigenvalue and eigenfunction
of Schro¨dinger equation appear as minus pole and its residue of Gˆ[qf ,q0 : ]. Also one
can derive the thermal state from the Euclidean propagator by letting τ → 1/(kBT )[16],
where kB and T are Boltzmann constant and external temperature. From Eq. (2.4) the
energy-dependent Green’s function for two-dimensional free particle case can be derived in
a form
GˆF [qf ,q0 : ] =
m
pi~
[(1 + 8α~m)K0(z)− 2α~mzK1(z)] (4.1)
where z =
√
2m/~|qf − q0|, and Kν(z) is a modified Bessel function. For the case of
two-dimensional SHO the energy-dependent Green’s function can be derived if α = 0[21].
This is expressed as a winding number representation in a form
Gˆ[qf ,q0 : ] =
1
2piω|qf ||q0|W−

2ω
,m
2
(mω
~
q2+
)
M− 
2ω
,m
2
(mω
~
q2−
)
(4.2)
×
∞∑
j=−∞
Γ((1 + j + /ω)/2)
Γ(1 + j)
eijθ
where θ = cos−1(qf · q0/(|qf ||q0|)), q+ = max(|qf |, |q0|), q− = min(|qf |, |q0|), and Wκ,µ(z)
and Mκ,µ(z) are the Whittaker’s functions. However, it seems to be highly nontrivial to
derive the energy-dependent Green’s function within O(α) due to non-trivial expression of
the prefactor f(qf ,q0 : T ).
It seems to be of interest to derive the Feynman propagators for the non-relativistic
and spin-1/2 Aharonov-Bohm systems. As shown in Ref.[22, 23] the spin-1/2 system con-
tains a two-dimensional δ-function potential. The effect of two-dimensional δ-function was
extensively discussed in the usual quantum mechanics[23–25] by applying the self-adjoint
extension [26, 27] and renormalization scheme. Furthermore, the effect of one-dimensional
δ-function potential was discussed recently in the GUP-corrected quantum mechanics[28].
By applying the method of Ref. [28] we hope to discuss how GUP affects Zeeman interaction
of the spin with the magnetic field in the future.
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Appendix A: D-dimensional Gaussian Integral Formulas
In this appendix we summarize the several D-dimensional Gaussian integral formulas,
which are used in the main text frequently. If we assume that x and q are D-dimensional
vectors, one can derive∫
dqe−a|q|
2+2b·q =
(pi
a
)d/2
e|b|
2/a (A.1)∫
dq|q|2e−a|q|2+2b·q =
(pi
a
)d/2
e|b|
2/a 1
a
(
D
2
+
|b|2
a
)
∫
dq (x · q) e−a|q|2+2b·q =
(pi
a
)d/2
e|b|
2/ax · b
a
.
Also, one can show straightforwardly∫
dq (x · q)2 e−a|q|2+2b·q =
(pi
a
)d/2
e|b|
2/a
[ |x|2
2a
+
(x · b)2
a2
]
(A.2)∫
dq (x · q) |q|2e−a|q|2+2b·q =
(pi
a
)d/2
e|b|
2/a
(
D + 2
2
+
|b|2
a
)
(x · b)
a2∫
dq|q|4e−a|q|2+2b·q =
(pi
a
)d/2
e|b|
2/a 1
a2
(
D(D + 2)
4
+
(D + 2)|b|2
a
+
|b|4
a2
)
.
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